We solve spacelike spherically symmetric constant mean curvature (SS-CMC ) hypersurfaces in Schwarzschild spacetimes and analyze their asymptotic behavior near the coordinate singularity r = 2M . Furthermore, we join SS-CMC hypersurfaces in the Kruskal extension to obtain complete ones and discuss the smooth properties.
The Kruskal extension
The Schwarzschild spacetime, denoted by S, has a metric
We often write h(r) = 1 − 2M r
. The metric (1) is not defined at r = 0 and r = 2M, and looks singular at both places. But in fact, the Schwarzschild spacetime is nonsingular at r = 2M. It is only a coordinate singularity, which is caused merely by a breakdown of the coordinates. There is a larger spacetime including the Schwarzschild spacetime as a proper subset and it has a smooth metric, especially for points corresponding to r = 2M. Such an analytic extension was obtained by Kruskal in 1960 . 
where
The metric (2) is nonsingular at r = 2M.
A spacetime diagram for the Kruskal extension is shown in Figure 1 . Each point in the Kruskal plane represents a sphere. There is one-to-one and onto correspondence from the region I to the Schwarzschild exterior r > 2M, and from the region II to the Schwarzschild interior 0 < r < 2M. The whole Kruskal extension is the union of regions I, II, I', and II', where regions I' and II' are exterior and interior of another Schwarzschild spacetime, respectively. Now we explain how the Schwarzschild exterior and interior change as they map into the Kruskal extension. The boundary r = 2M, −∞ < t < ∞ of the Schwarzschild exterior and interior blow down to the origin in the Kruskal extension. On the other hand, r = 2M, t = ∞ and r = 2M, t = −∞ blow up to half-lines L + and L − in the Kruskal extension, respectively. The L + of I is glued to the L + of II, and the L − of II is glued to the L − of I', and so on. Moreover, r = 0 is mapped to the hyperbola X 2 − T 2 = −2M in the Kruskal extension. This identification is pictured in Figure 3 .
The idea to the construction of the Kruskal extension is using null geodesics. When omitting the spherically symmetric part and solving null geodesics in t-r plane, we can define null coordinates u, v by u = t − (r + 2M ln |r − 2M|) and v = t + (r + 2M ln |r − 2M|).
These coordinate curves are mapped to ±45
• straight lines in the Kruskal extension. Figure 4 presents u = constant and v = constant in the Schwarzschild spacetime and Kruskal extension. Furthermore, we can define null coordinates (U, V ) in the Kruskal extension by
Direct computation from (3) gives the relations between (X, T ) and (r, t) as follows:
In region I,
In region II,
In region I',
In region II',
In this article, we always take ∂ T as future directed timelike vector field. In region I, the vector ∂ T points to the direction of increasing t, while in region II it points to the direction of decreasing r. On the other hand, ∂ T points to the direction of decreasing t in region I' and points to the direction of increasing r in region II'.
SS-CMC solutions in region I
A vector v is spacelike if v, v > 0, null if v, v = 0, and timelike if v, v < 0. Given a smooth function F on the Schwarzschild spacetime (S, ds
2 ) with ds 2 as in (1), denote a level set of F by Σ = {x ∈ S | F (x) = constant}, then ∇F is a normal vector field of Σ. If Σ is spacelike, that is, Σ has a positive definite metric induced from (S, ds 2 ), then ∇F forms a timelike normal vector field on Σ. Since
the spacelike condition on Σ is equivalent to
When Σ is a level set of F and is spacelike, we can without loss of generality assume that ∇F is future directed (or replace F by −F ). That is,
is future directed unit timelike normal vector field on Σ. Let {e i }
Asymptotic behavior of SS-CMC solutions in region I
We analyze the asymptotic behavior of SS-CMC solutions f 1 (r) in this subsection. Here we omit the dependency of f 1 on H, c 1 ,c 1 when there is no confusion.
asymptotically null for H = 0 as r → ∞, and Σ 1 is asymptotically to some constant slice
, the limit is 0 if H = 0, and is
and have lim 
It implies that lim
When c 1 = −8M 3 H, the curve (f 1 (r), r) in (t, r) spacetime is bounded by two null geodesics near r = 2M. For all c 1 ∈ R, the spacelike condition is preserved as r → 2M + .
Proof. From (10), we know that if
Hence the spacelike condition is preserved as r → 2M + for all c 1 ∈ R.
Now we prove the asymptotic behavior of f 1 (r).
If c 1 < −8M 3 H, then f ′ 1 (r) < 0 (and thus l 1 (r) < 0) on r ∈ (2M, 2M + δ 1 ) for some δ 1 > 0. Therefore, on (2M, 2M + δ 1 ) by the Taylor's theorem, we have
Remainder terms can be bounded above by
Furthermore, we have
on (2M, 2M + δ 1 ). We integrate inequalities (11) and get
The integral
2 dx is finite, and we denote it by C 1 . It follows that
where C 2 = f 1 (r 1 ) + (r 1 + 2M ln(r 1 − 2M)). Hence the curve t = f 1 (r) is bounded by two null geodesics t + (r + 2M ln(r − 2M)) = C 2 − C 1 and t + (r + 2M ln(r − 2M)) = C 2 near
Direct computation gives
, and thus f
3 H, then both f ′ 1 (r) and l 1 (r) are positive on (2M, 2M + δ 2 ) for some δ 2 > 0. By the Taylor's theorem, we have
The remainder terms are greater than
.
We integrate the above inequalities and get
2 dx is finite, and we denote it by C 3 . It follows that
Hence the curve t = f 1 (r) is bounded by two null geodesics t − (r + 2M ln(r − 2M)) = C 4 and t − (r + 2M ln(r − 2M)) = C 3 + C 4 near r = 2M. 
SS-CMC solutions in region II
We consider SS-CMC hypersurfaces in the Schwarzschild interior in this section. Figure 5 : SS-CMC hypersurfaces in Schwarzschild exterior and region I.
Cylindrical hypersurfaces r = constant
Notice that h(r) = 1 − 2M r < 0 on 0 < r < 2M, so in this region r-direction is timelike and t-direction is spacelike. Furthermore, −∂ r is future directed. We can assume that a SS-CMC hypersurface is written as (t, g(t), θ, φ) for some function r = g(t).
Proposition 5. [6]
Each constant slice r = r 0 , r 0 ∈ (0, 2M) is a SS-CMC hypersurface with
. These hypersurfaces are called cylindrical hypersurfaces.
Cylindrical hypersurfaces are known in [6] . Here we give a simple proof for completeness.
Proof. Choose e 4 = (0, − −h(r), 0, 0) to be a future directed unit timelike normal vector, and there is a canonical orthonormal frame
for V ∈ T (p,q) {p} × S 2 , we have
and h ij = 0 for i = j. Hence the mean curvature is
which is a constant for each fixed r ∈ (0, 2M).
The following corollary is an easy consequence of Proposition 5.
Corollary 1. Cylindrical hypersurfaces r = r 0 , r 0 ∈ (0, 2M) have the following properties.
(a) If r 0 ∈ 0, 3 2 M , then H(r 0 ) < 0 and lim
M, then the cylindrical hypersurface is a maximal hypersurface.
Noncylindrical SS-CMC hypersurfaces
For r = g(t) = constant, we consider its inverse function, and denote t = f 2 (r) whenever it is defined. Since f 2 (r) is obtained from the inverse function, we have f ′ 2 (r) = 0 and will allow f ′ 2 (r) = ∞ or −∞.
where l 2 (r; H, c 2 ) = 1
The function l 2 should satisfy l 2 > 1, which implies c 2 < 0 when H > 0 and Remark 5. In this article, when we write f 2 (r), it means both f * 2 (r) and f * * 2 (r).
Proof. First we consider the case f
(r)h(r)∂ r is future directed because it is in the direction of decreasing r. The spacelike condition (4) is equivalent to
Hence future directed timelike normal vector is
, which has the same expression as (7), and we can take a canonical orthonormal frame on Σ 2 with the same expressions as (8) . Therefore, the mean curvature equation will be
To solve f 2 (r), from (14) we can make change of variable by sec(η(r)) = f 
where c 2 is a constant. When writing l 2 (r; H, c 2 )
The spacelike condition is the same as (14), but future directed timelike normal vector is
There is a canonical orthonormal frame e 1 = (0, 0, 1, 0) r , e 2 = (0, 0, 0, 1) r sin θ , and
on Σ 2 such that it has the same orientation as the case of f ′ 2 (r) > 0. The second fundamental form of Σ 2 in (S, ds 2 ) are
and h ij = 0 for i = j. Hence the mean curvature equation becomes
From (14), we can change variable by sec(η(r)) = f ′ 2 (r)h(r), and the range of η can be chosen as 0, < 0 on 0 < r < 2M. Then (17) becomes
which has the same expression as (16). Set l 2 (r; H, c 2 ) = 
Domain of SS-CMC solutions in region II
The condition l 2 (r) > 1 will put restrictions on the domain of f 2 (r). We have
Define a function k H (r) on (0, 2M) by
then the domain of f 2 (r) will be {r ∈ (0, 2M)|k H (r) > c 2 } ∪ {r ∈ (0, 2M)|k H (r) = c 2 and f 2 (r) is finite}.
Now we analyze the function k H (r) to determine the set.
Proposition 7.
Consider k H (r) as in (18), then k H (r) has a unique minimum point at r = r H , where r H is determined by 3Hr
Denotek H (r) = 3Hr Figure 6 : Graphs ofk H (r), p(r) = 2r − 3M, k H (r), and horizontal lines l(r) = c 2 . (a) If c 2 < c H , then f 2 (r) is defined on (0, 2M). 
we expand (−Hr 3 − c 2 ) 2 + r 3 (r − 2M) in the power of (r − r H ) to attain
where P 1 (r; r H ) is a polynomial. The last equality holds because r H is the critical point of k H (r). Thus f
Here we only discuss the case at r ′ because the case at r ′′ is similar. First, we know lim
is not a critical value of k H (r), the expansion of (−Hr 3 − c 2 ) 2 + r 3 (r − 2M) in the power of (r − r ′ ) becomes
where P 2 (r; r ′ ) is a polynomial, and −3H(r ′ ) 
Hence when rewrite the surface as a graph of r = g(t), we have g(c 2 ) = r ′ and its inverse corresponds to t = f * 2 (r) for t ≤c 2 and to t = f * * 2 (r) for t ≥c 2 . Direct computation gives
where A k,i and B k,i are functions of h, l 2 and their derivatives with respective to r. As t →c 2 , we have r → r ′ and lim
Hence Σ 2 is smooth.
Asymptotic behavior of SS-CMC solutions in region II
Next, we discuss the asymptotic behavior of SS-CMC hypersurfaces in Schwarzschild interior that will be needed in section 6.
f 2 (r) = ∞ or −∞, and the curve (f 2 (r), r) in (t, r) plane is bounded by two null geodesics as r → 2M − . Furthermore, the spacelike condition is preserved as r → 2M − .
Proof. Since c 2 < −8M 3 H, f 2 (r) is defined on (2M − δ 3 , 2M) for some δ 3 > 0. We only need to consider the case f ′ 2 (r) > 0 because of symmetry. On one hand, since
where C 5 = f 2 (r 2 ) + r 2 + 2M ln(2M − r 2 ). The curve t = f 2 (r) is bounded below by the null geodesic t + (r + 2M ln(2M − r)) = C 5 near r = 2M. On the other hand, because
is very small near r = 2M, by Taylor's expansion we get
There is a constant C 6 > 0 such that
. That is, we have
which integrates to
Hence
where C 5 = f 2 (r 2 ) + (r 2 + 2M ln(2M − r 2 )) and C 7 = C 6 (2M − r 2 ). The curve t = f 2 (r) is bounded above by the null geodesic t + (r + 2M ln(2M − r)) = C 5 + C 7 near r = 2M.
Spacelike property can be extended at r = 2M because 
SS-CMC Solutions in region I' and II'
When the Schwarzschild exterior and interior map to region I and II in the Kruskal extension, future directed timelike directions are directions of increasing t and decreasing r, respectively. However, when the Schwarzschild exterior and interior map to region I' and II', future directed timelike directions are directions of decreasing t and increasing r, respectively. Therefore, we need to modify the discussions in section 3 and 4 according to these differences for the SS-CMC solutions in region I' and II'.
The constant mean curvature equation of a SS-CMC hypersurface Σ 3 = (f 3 (r), r, θ, φ) which maps to region I' of the Kruskal extension is
Solutions to the equation (20) would be
In this article, when we write f 4 (r), it means both f * 4 (r) and f * * 4 (r). The condition l 4 (r) > 1 will put restrictions on the domain of f 4 (r). We have
Then the domain of f 4 (r) will be {r ∈ (0, 2M)|k H (r) < c 4 } ∪ {r ∈ (0, 2M)|k H (r) = c 4 and f 4 (r) is finite}.
By similar arguments as in Proposition 7, we can analyzek H (r) and illustrate its graph according to the sign of H in Figure 8 . Our conclusion is Proposition 11. Considerk H (r) as in (25), thenk H (r) has a unique maximum point at r = R H , where R H is determined by −3HR Corresponding to Proposition 8 and Proposition 9, the following results can be proved by the same method. Proposition 13. In case (c) of Proposition 12, the SS-CMC hypersurface Σ 4 is C ∞ .
Complete and smooth SS-CMC hypersurfaces
In this section we will investigate how to join solutions from different regions at r = 2M to construct complete hypersurfaces in the Kruskal extension, and discuss the smoothness property at each joint point. First, we discuss SS-CMC hypersurfaces in region I, II, and I'. As in section 4, denote c H = min
• In case (b), one end is toward the space infinity in the first Schwarzschild exterior, and the other end is asymptotic to a cylindrical SS-CMC hypersurface r = r H in the first Schwarzschild interior.
• In case (c), the two ends are toward space infinities r = ∞ in the first and second Schwarzschild exteriors, respectively. condition in null coordinates:
′ (r)dr +c 2 + r 2 + 2M ln |r 2 − 2M|
From Proposition 8, when we take r 2 = r 
they must satisfy • In case (b) of Proposition 8 and f 2 (r) is defined on (0, r H ), the SS-CMC hypersurface is mapped to the region II with two ends. One of them is toward the space singularity r = 0, and the other is toward the cylindrical hypersurface r = r H .
• In case (c) of Proposition 8 and f 2 (r) is defined on (0, r ′ ], the SS-CMC hypersurface is mapped to the region II with two ends. These two ends are toward the space singularity r = 0. This SS-CMC hypersurface is C ∞ .
• In case (b) of Proposition 12 and f 4 (r) is defined on (0, R H ), the SS-CMC hypersurface is mapped to the region II' with two ends. One of them is toward the space singularity r = 0, and the other is toward the cylindrical hypersurface r = R H .
• In case (c) of Proposition 12 and f 4 (r) is defined on (0, r ′ ], the SS-CMC hypersurface is mapped to the region II' with two ends. These two ends are toward the space singularity r = 0. This SS-CMC hypersurface is C ∞ .
• We can also start with a SS-CMC hypersurface Σ 
